The gauge-invariant perturbation equations proposed in the preceding article are solved in this article in order to study the evolution of the energy density contrast in the radiation-and matter-dominated eras. The results are compared with earlier non-gauge-invariant as well as gauge-invariant treatments. In a number of cases the solutions are different. In the radiation-dominated era growing perturbations are found, where other treatments lead to constant or decaying energy density perturbations. ͓S0556-2821͑96͒06524-1͔ PACS number͑s͒: 98.80. Bp, 04.25.Nx, 98.65.Dx 
I. INTRODUCTION
As has been discussed in the companion article ͓1͔, former attempts to formulate a gauge-invariant perturbation theory have led to equations that differ from ours, for physical quantities of which the definitions differ from ours. Examples of such physical quantities are the energy density perturbation ⑀ (1) , its associated density contrast ␦:ϭ⑀ (1) / (0) , and the particle number density perturbation (1) . We do not claim, however, that the results of others are wrong. What we do claim is that our gauge-invariant approach yields the nonrelativistic limit in a more transparent and natural way than former gauge-invariant treatments.
In this article we will apply our method to determine explicit expressions for the gauge-invariant density contrast ␦ on the isotropic energy density background (0) in two limiting cases, namely, the radiation-dominated and the matterdominated eras of the expanding universe. After what has been said in the first phrase of this section, it will not come as a surprise that our final results often differ from those obtained earlier. An overview of the various results of the different approaches to the perturbation theory in question is given in Table I . The most striking difference is the occurrence of growing solutions, where other approaches lead to constant or even decaying solutions. Formula numbers preceded by a roman numeral I refer to equation numbers in the companion article ͓1͔.
II. GAUGE-INDEPENDENT PERTURBATION EQUATIONS: RÉ SUMÉ
It is our purpose to study the behavior of the density contrast, ␦:ϭ⑀ (1) / (0) , in an expanding universe. The quantities ⑀ (1) ͑the energy density perturbation͒ and (1) ͑the particle number density perturbation͒ obey the manifestly gaugeinvariant equations ͑I.70͒:
where the quantity (1) is defined as a combination ͑I.69͒ of ⑀ (1) and (1) :
The coefficients ␣, ␤, and ␥ are given by ͑I.63͒ with ͑I.64͒. The Hubble factor H, the zero-order energy density (0) , and the zero-order particle number density n (0) are solutions of the unperturbed Einstein equations ͑I.16͒ for a flat, unperturbed Friedmann-Robertson-Walker ͑FRW͒ universe:
These are three differential equations; Equation ͑3b͒ is a condition only on the initial values. The constant is equal to 8G/c 4 with G as Newton's gravitational constant and c as the speed of light. A dot denotes differentiation with respect to ct. The equation of state pϭ p(n,) is supposed to be a given function of n, the particle number density, and , the energy density. In order to solve Eqs. ͑1͒, we first have to solve the zero-order equations ͑3͒. We will limit the discussion to two extremal cases, namely, the radiation-and matter-dominated universe. This will be the subject of Secs. III and IV.
III. DENSITY CONTRAST IN THE RADIATION-DOMINATED ERA
Since in a radiation-dominated universe, the pressure is equal to one-third of the total energy density 
We have omitted Eq. ͑3d͒ because we are not interested in the time behavior of the particle number density of the radiation-dominated era and because it does not occur in the remaining equations. The solutions of Eqs. ͑5͒ are
where t 0 is the time at which the radiation-dominated era sets in. Using the relation between the Hubble parameter H and the scale factor a, H:ϭȧ /a, one finds, from Eq. ͑6a͒,
. ͑7͒
We will now rewrite Eq. ͑1b͒ as an equation for the density contrast. From Eq. ͑4͒ we have
as follows with Eq. ͑I.5͒. Upon substituting Eqs. ͑4͒ and ͑8͒ into the coefficients ͑I.63͒ with ͑I.64͒, one finds that Eq. ͑1b͒ reduces to
In view of Eq. ͑8͒, the coefficient ␥ in Eq. ͑1b͒ vanishes. Therefore Eq. ͑1a͒ need not be considered as far as Eq. ͑1b͒ is concerned. Moreover, we omit Eq. ͑1a͒ since we are not interested in the evolution of the ancillary quantity (1) . We now can rewrite the evolution equation ͑9͒ in terms of the density contrast. As usual, we define the latter as the quotient of the energy density perturbation and the background energy density
However since ⑀ (1) is the-newly defined-gauge-invariant quantity used in Ref. ͓1͔, the density contrast ͑10͒ differs from the density contrast defined elsewhere. Upon substituting Eq. ͑10͒ into Eq. ͑9͒ and using Eqs. ͑5͒, we arrive at a second-order homogeneous differential equation for our density contrast ␦(t,x i ):
͑11͒
We may try to solve Eq. ͑11͒ by Fourier analysis of the
where is the wavelength of the perturbation and i 2 ϭϪ1, the evolution equation ͑11͒ for the amplitude ␦(t,q) reads
where we have used Eqs. ͑I.25͒, ͑6a͒, and ͑7͒. Let us rewrite this equation in such a way that the coefficients become dimensionless. To that end we take, as an independent variable,
where we have used Eq. ͑6a͒. Using Eqs. ͑14͒, ͑6a͒, and ͑15͒, Eq. ͑13͒ for the density contrast ␦(,q) can be written as
TABLE I. Growth rates of the density contrast obtained from different perturbation theories. We distinguish between large scale (→ϱ) and small scale (→0) perturbations of the radiation-and matterdominated eras. Our results ͑MvL͒ are compared to those of Mukhanov, Feldman, and Brandenberger ͑MFB͒ and to those of the nongauge-invariant theory in synchronous coordinates ͑SC͒.
Scale
Perturbation theory Radiation-dominated era Matter-dominated era p 0 pϭ0
where a prime denotes differentiation with respect to . This equation can be solved easily with a computer algebra program, e.g., MAPLE V ͓2͔. The result is, transforming back from to t,
where the function 1 (t) is given by
and the constants C 1 and C 2 are given by
where we have used that ␦͑t 0 ,q ͒ϭ␦͑ ϭ1,q͒, ␦ ͑ t 0 ,q ͒ϭ2H͑ t 0 ͒␦Ј͑ ϭ1,q͒, ͑21͒
see Eq. ͑15͒. We now will consider our general result ͑17͒-͑20͒ for the radiation-dominated era in two limiting cases, namely for large and small wavelengths of the perturbation ͑12͒.
A. Large-scale perturbations
Large-scale perturbations are perturbations of large wavelengths. In the limit of large wavelengths, →ϱ, the magnitude of the wave vector qϭ2/ vanishes. Writing ␦(t)ϵ␦(t,qϭ0) and ␦ (t)ϵ␦ (t,qϭ0), we find, from Eqs.
Consequently, in this limit, there is no oscillatory character any more. The nongauge-invariant perturbation theory in synchronous coordinates ͓3-6͔ yields, next to the growth rates t 
IV. DENSITY CONTRAST IN THE MATTER-DOMINATED ERA
Once protons and electrons recombine to yield hydrogen at a temperature around 4000 K, the radiation pressure becomes negligible, and the equations of state reduce to those of a nonrelativistic monatomic perfect gas ͓Weinberg ͓3͔, Eqs. ͑15.8.20͒-͑15.8.21͔͒
where k B is Boltzmann's constant, m H the proton mass, and T the temperature of the matter. We first consider the zero-order Einstein equations ͑3͒. The maximum temperature in the matter-dominated era occurs around the time t 0 of the decoupling of matter and radiation: T(t 0 )Ϸ4000 K. Hence, from Eq. ͑25͒ it follows that the pressure is negligible with respect to the energy density:
. This implies that, to a good approximation, (0) Ϯp (0) Ϸ (0) and (0) Ϸn (0) m H c 2 . Thus as is well known, in an unperturbed flat FRW universe, one can neglect the pressure with respect to the energy density. Using the above facts, we find that the Einstein equations ͑3͒ reduce to
Note that in a matter-dominated universe, Eqs. ͑3c͒ and ͑3d͒ are identical. Thus the general solutions of the zero-order Einstein equations are ͓3͔
where t 0 is the time at which the matter-dominated era sets in. Using the definition of the Hubble parameter H:ϭȧ /a, one finds from Eq. ͑27a͒ for the scale factor
. ͑28͒
In the next two subsections we consider the perturbed flat FRW universe. We distinguish between the nonzero and the zero pressure cases.
A. Nonzero pressure
Since k B T/m H c 2 Ӷ1 in the matter-dominated era, one may verify that, to a good approximation, so that, to a good approximation,
where we have used Eq. ͑25͒. From Eq. ͑I.64͒ and ͑32͒ it follows that the quantity figuring in the coefficients ␣ and ␤ occurring in Eq. ͑1b͒ is a function of the matter temperature:
In order to determine as a function of the Hubble parameter H, we recall the following: After decoupling of matter and radiation at 4000 K, the temperture of the matter, T, is no longer locked to the photon temperature T ␥ . However, when T ␥ Ͼ2000 K, the matter temperature still follows the photon temperature quite closely ͑see Weinberg, Chap. 15, Sec. 5͒. Since the photon temperature is, during the whole history of the universe, inversely proportional to the scale factor, we have, to a good approximation
Combining Eqs. ͑33͒ and ͑34͒, one finds
where we have used that H:ϭȧ /a. For temperatures T ␥ Ͻ2000 K, the thermal contact between matter and radiation is negligible, implying that Tϰa Ϫ2 ͓see Weinberg, Eq.
͑15.5.16͔͒. Moreover, for low temperatures the pressure is vanishingly small. This case will be considered in Sec. IV B. Upon substituting Eqs. ͑29͒, ͑32͒, and ͑35͒ into Eq. ͑1b͒ with ͑I.63͒ and ͑I.64͒, one arrives at
Since, as noted before, k B T/m H c 2 Ӷ1 in the matterdominated era, Eq. ͑32͒ survives only as a coefficient of ٌ 2 . Equation ͑36͒ can be rewritten as an equation for the density contrast ␦(t,x i ):
where we have used the definition of the density contrast, Eq. ͑10͒, and the Einstein equations ͑26͒. Writing (0) ϭ (0) c 2 , Eq. ͑37͒ becomes the familiar equation of the Newtonian theory of gravity
͓Weinberg, Eq. ͑15.9.23͔͒ where v s is the speed of sound of a nonrelativistic gas, which for a monatomic gas is given by
We thus have shown that the purely relativistic equation ͑37͒ happens to be identical to the corresponding equation found from the Newtonian theory of gravity. Although Eqs. ͑37͒ and ͑38͒ have the same appearance, their derivation is different: see Weinberg, Chap 15, Sec. 9 for a derivation of Eq. ͑38͒ with the help of the Newtonian theory. MFB, Sec. 5.3 did not arrive at Eq. ͑37͒, but obtained a different result. Equation ͑56͒ of Ref. ͓8͔ has been made gauge invariant by choosing the integration constant ␥ equal to zero. This procedure works well if the pressure vanishes.
We will come to Eq. ͑37͒. From the constraint equation ͑26b͒, it follows that Eq. ͑37͒ can be written
As usual, we solve Eq. ͑40͒ by Fourier analysis of the function ␦. From Eqs. ͑I.25͒ and ͑12͒ it follows
Furthermore, from Eqs. ͑27͒, ͑28͒, and ͑34͒ we find that T/(a 2 H 2 ) is independent of the time. Hence, we have
where q is the wave vector associated with the scale of a fluctuation and t p is the present time. Using Eq. ͑42͒, Eq. ͑40͒ can be rewritten in the form
V. SUMMARY AND CONCLUSION
Starting out with a manifestly gauge-invariant perturbation scheme ͑I.70͒ of a companion article, we obtained the energy density contrast ␦:ϭ⑀ (1) / (0) . The results are collected in Table I . A most striking difference between our treatment and the perturbation theories of the literature is the t 1/2 growth rate of the energy density contrast in the radiation-dominated era in the limit of small wavelengths (→0).
In the nongauge-invariant perturbation theory in synchronous coordinates, ͓see, e.g., Eqs. ͑I.40͔͒, the function (1) that is used to describe an energy density perturbation is gauge dependent. This implies that (1) has no physical significance. As a consequence, the function (1) cannot be interpreted easily as an energy density perturbation.
Since only gauge-invariant quantities have an inherent physical meaning, a first step is to define a gauge-invariant quantity ⑀ (1) , which may play the role of an energy density perturbation. Since there are many possibilities to define ⑀ (1) , one has to choose this quantity in such a way that the perturbation theory based upon it has a Newtonian limit, i.e., one of the equations can be cast into the form of the Poisson equation of the classical Newtonian theory of gravity with ⑀ (1) as source term.
MFB define a gauge-invariant quantity ␦ (gi) by their Eq. ͑5.11͒ and interpret it as an energy density perturbation. This interpretation is based upon the assumption that their Eq. ͑I.92͒ reduces to the Poisson equation in the Newtonian limit: see the text in Ref. ͓7͔ just below Eq. ͑5.19͒. However, the perturbation theory of MFB has not the usual Newtonian limit: since the Hubble parameter H 0, Eq. ͑I.92͒ cannot be cast into the form of a Poisson equation with ␦ (gi) as source term. Therefore the gauge-invariant function ␦ (gi) cannot be interpreted as the perturbation on the energy density.
In Sec. V of a companion article we define a gaugeinvariant quantity ⑀ (1) by Eq. ͑I.37͒, which is different from the definition of the quantity ␦ (gi) used by MFB. In Sec. VIII of Ref. ͓1͔ we consider the set of perturbation equations ͑I.45͒ in the limit that the pressure vanishes. We have shown that in this limit Eqs. ͑I.45͒ imply, for H 0, the usual Newtonian limit, i.e., the Poisson equations ͑I.89͒-͑I.90͒ with ⑀ (1) as source term. This leads us to the conclusion that the quantity ⑀ (1) can indeed be interpreted as the perturbation on the energy density. Thus our gauge-invariant approach yields the usual nonrelativistic limit in a more transparent and natural way than the treatments of MFB and predecessors.
